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ANTSOTROPIC EFFECTS IN HELTCALLY WOUND
SUPERCONDUCTING SOLENOIDS

By Fdmund E. Callaghan

SUMMARY

An analysis was made of the effect of helical winding on the magnetic fileld
produced by a superconducting solenoidal magnet. It is shown that hard supercon-
ductors, which demonstrate considerable anisotropy, that 1s, which carry much
higher currents parallel to rather than perpendicular to magnetic fields, should
be capable of producing greater magnetic fields when wound in a solenold of 45°
pitch angle. Also shown are the effects of pitch angle, current density, and
anisotropy on the magnetic field of any helical solenoid of finite length, which
can be approximated by a helical current sheet where the length to diameter ratio
is greater than 2. Considerations of the effect of winding thickness show that
the large overall increase in field which might be expected with an infinitely
thin winding probably cannot be achieved, but, nevertheless, a substantial in-
crease (a factor of about 2) may be possible.

INTRODUCTION

The advent of hard superconductors has opened the possibility of achieving
intense magnetic fields with superconducting solenoids. The characteristics of
the hard superconductors are greatly different from those of the soft supercon-
ductors. TIn particular, it has been found that many of the hard superconductors
are extremely anisotropic; they carry much larger critical currents when the mag-
netic field is aslined with the conductor than when the magnetic field is trans-
verse to the conductor. It may be possible, therefore, to achieve much larger
magnetic fields with helically wound solenolids with considerable pitch angle as
opposed to the usual zero pitch winding.

For nonsuperconducting solenocids it would be expected that the axial mag-
netic field would decrease with increasing pitch angle. For superconductors this
need not be the case, since the current-carrying capability of the wire increases
as the angle between the local magnetic field at the winding and the current in
the winding decreases. In fact, a number of the hard superconductors has been
found in which the current-carrying capability may increase by an order of mag-
nitude when the conductor is rotated from a transverse to a longitudinal orienta-~
tion in a magnetic field (ref. 1). A recent paper (ref. 2) derives the equations
for the magnetic-field distribution of a finite helical solenoid. This work is
an extension of the investigation of the finite solenold with zero pitch angle
contained in reference 3. By using references 2 and 3 and the relation for crit-




ical current and field of reference 1, it 1s possible to analyze the increase in
field that might be achieved with helical solenoldal windings. The results of
such an analysis will of course depend on what sort of mechanism is assumed for
the quenching of superconductivity, and the accuracy of the final results depends
on the correctness of such assumptions. In the initial portion of the analysis,
it is assumed that the coil is infinitely thln and that the magnitude and the
direction of the magnetic vector at the winding is single valued. This assump~
tion 1s made to simplify the analysis and to see if the gross overall trends show
whether any substantial benefits can be achieved by helical winding. The effects
of finite thickness on the more significant results of the analysis can then be

evaluated.

SYMBOLS
a coll radius, m
B magnetic induction, webers/m2
By total magnetic induction at r = a, z = 0; VBg + Bg, webers/m2
C anisotropic factor, webers/m2
E complete elliptic integral, second kind
F solenoidal geometry factor at r =a, z = O; % E%%ékl-+ 4
! solenoidal geometry factor at r = 0, z = 0; (L/Z”/V(I/Z)z + a2
Jd surface current density, amp/m
J current density, amp/m2
K complete elliptic integral, first kind
k modulus of elliptic function, ‘/ = dar 5

£+ (a+ 1)

L cocil length, m

r,0,z cylindrilcal coordlnates

t any point inside winding (r-direction) measured from inside winding
surface

to winding thickness, m

W width of current sheet, Zma tan a, m



lod pitch angle, deg

B angle between magnetic field and current, deg
Ao Heuman lambda function
v permeability, 4mx10~7 h/m
3 dummy variable of integration
£y z £ (L/2), m
0) argument of lambda function, tan-lh;%%jgl
b2 2e)
1 dimensionless magnetic field ratio, Bylz = 0})/B,|z =0
a a =0
Subscripts:
c critical value between normal and superconducting states
CB=O critical value between normal and superconducting states when magnetic

fileld is alined with current

r,0,z radial, azimuthal, and axial components

ANATYSIS

One of the principal goals in building superconductling solenoids is to
achieve the maximum possible axial field. Therefore, it is of interest to study
the effect of pitch angle on the interrelation of critical current and field at
the winding on the axial field in the solenoid. As pointed out in reference 1,
the critical current in a filament or ribbon is strongly dependent on its orien-
tation with the local magnetic field, and an increasse of as much as an order of
magnitude has been cbserved between transverse (field perpendicular to filament)
and longitudinal (field parallel to filament) orientations. Therefore, the ef-
fect of pitch angle on the magnetic field and the critical current at the wind-
ing must be determined first; then, the resulting effect on the axial field at
the center of the solenoid can be seen.

The particular solenoidal geometry considered in reference 2 is shown in
sketch (a):
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The width of the current sheet w was taken equal to the pitch 2ma tan a, The
axial, radial, and azimuthal fields By, By, and By, respectively, at any point
can be written in the following forms (refs. 2 and 3):

Er
B = b cos al EK gk _§u)y€_
z 4 [; ar (k) + [(a - r)E] Pol, k) :
B o I cosocJ_—a_-Z—sz(k) m(0) ]
T - 7 r| 2k Tk e
£

Bg

_pd sin af Ek r - a)t

where J 1s the current per unit length of solenocid, o 1s the pitch angle,
K(k) and E(k) are complete elliptic integrals of the first and second kind,
No(®,k) is the Heuman lambda function, ¢ = tan‘llé/(a -r)], t+ =12z % (L/2),
and k2 = 4ar/[t2 + (a + r)2].

S

Since the strength of the field at the winding and its angle relative to
the

r =
at
the
mum
mum

dial field is continuous from r =0 to r =

T =

expected at the edge of a current sheet.
a finite thickness, the radial field is, of course, finite.
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current vector are of interest, the principal concern is what occurs when
a. In this regard, the equations for both Bg and By are double valued

r = a because the sign of the second term within the brackets changes as
value of r changes from r <a to r > a. At any axial position the maxi-
axlal field is achieved immediately inside the current sheet, and the maxi-
azimuthal field is achieved immediately outside the current sheet. The ra-
o and has 1ts maximum value at

z = L/2, the radial field becomes infinite as would be

In the real case where the winding has
In fact, 1f the

a. At r =a and



curves of references 2 and 3 are examined, 1t can be seen that, for all solenoids
with length to radius ratios of 5 or more, the radial field is quite small com-
pared with the vector sum of the axial and azimuthal flelds. A study of these
two references shows that, if the singularity at the edge of the current sheet

is ignored, the maximum total field at the windings will occur at the axial mid-
point (z =0, r = a).

If the fact that the maximum field of interest is located at z =0, r = a
is considered, the equations for the axial and the azlmuthal fields (B, = O) are

B, = EEE___QEl + %]cos oA immediately inside winding
z 2 1L 2ma
By = %g E%%ggl + %]sin o immediately outslide winding

The value of either B, or By will depend strongly on the pitch angle,
and B, would be a maximum for o =0 and zero for o = 900, whereas the re-
verse is true for Bg. At o = 45°, the field immediately inslde the current
sheet 1s largely axlal with a very small azimuthal component, and the fleld oubt-
side the current sheet 1s largely azimuthal with only a small axlial component.
This really means that the magnetlc vector rotates approximately 90° across the
current sheet. If it is assumed that the winding is infinltely thin, the magni-
tude and direction of the magnetic vector would be determined by By (inside the
winding) and Bg (outside the winding). In the real case where the coil winding
has thickness, this assumption is not Justifiable and is only made at this stage
to determine the gross effects of pitch angle. The effect of finlte thickness
will be discussed in the sectlon FFFECTS OF FINITE WINDING THICKNESS. Hence 1t
wlll be assumed that

5o = Vo 0 8 = A 3] e @

where

F=;[£1K4ﬁ+l]

2L 2na

The angular reletion B Detween the field By and the current vector J
is as shown in sketch (b).
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Therefore, it is evident that Bp and J are alined for o = 45°.

According to reference 1, the relation between the magnetic field and the
critical current for hard superconducting ribbons or wires in fields that are
greater than about 8000 gauss (0.8 webers/mz) is

J
P =t (2)
Jea B|81n B, + C
B=0
or for a solenoid
Je _ C
JCB:O Br|cos 2af + C

vhere C 1is an anisotropic factor depending on the geometry and the properties
of the material. If B is in webers per square meter, C will have values of
the order of 0.10 to 0.25 weber per square meter for the hard superconductor,
NbzSn (ref. 1). The critical current with the magnetic field alined with the

current is JCB—O'

In order to obtain the largest magnetic field possible in the solenold, J
must equal J.. Hence, for a soclenoid,

KF T o )

Bp = wFc = Bp|cos 2o + C L

(3)

2
2 + C - J C =0
| cos 2] + OBy - uFd,




where the root of interest is

2
-C + .‘/c + 4iFJcy C|cos 2a

By = 2| cos 2a (4)
Now at r =0, 2 =0,
BZC ig) = pJe cos oc————LZL- = pF'J, cos o (5)

where

r =0
The maximum value of Byl, _ O) will obviously occur when J, cos a 1is a

maximum. Therefore, from equations (3) to (5), it can be written

N
r = 0\ _ ' _ 1 C
BZ(z:O) = pF'J, cosou—pFJcB=O cosooBTICOS 5ol F C
=HF'JCB=OCOSO° —_— '@2_0,:
-c + yc? + 4FJeq_oC| cos 2a| + 20
= 2uF'Joy ) ©O8 & c - (6)
C + '/C2 + 4pFJCB_OC[cos 2a|
1
B 2@ ,JCBFQ Acos a
T 4pFde
=0
l+‘/l+-———-c—-[cos 2a| )

Equation (8) gives the necessary relation between field and pitch angle for
a given solenoidal geometry and winding material. Since the primary interest is
in the change in axial field as a function of pitch angle, then
4uFJ
pF g0
C (7)
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Except for very short solemoids ((L/a) < 4), the value of the geometric fac-
tor F or F' is very nearly unity; that is, F = 0,917 and F' = 0.894 for
(L/a) =4 and F =F' =1,00 for (L/a) = ». Additionally, the current param-
eter of most interest is usually the critical current density J. rather than
the current per unit length Jg.

Hence, equation (7) may be rewritten as

wherein F =1 and JcB:O = jcB:Ot and t 1s assumed to be sufficiently small

so that the winding can be considered a current sheet., Also, it must be remem-
bered that the empirical critical-current, critical-field, angular relation is
valid only when the field is above about 0.8 weber per square meter. Therefore,
values of jcB:Ot and C must be chosen that will produce such a field when the
pitch angle is zero. Typilcal hard superconductor values are jcB:O = 109 to 1011

amperes per square meter and values of C between 0,10 and O.25 weber per square
meter.

If typical values of jcB:O = 1010 amperes per square meter and C = 0.10

weber per square meter are assumed, then for o« =0, F =F' =1 and with a
T =a

lower limit for BZ<z = O) = 0.80, equation (6) can be used to calculate the
o =0

field at the winding, since the field 1s purely axial for o =0 and F=F!'=1,
Hence, the following results were obtalned: J, = 6. 37x10° amperes per meter and
JCB:O = 5,73x10° amperes per meter, or <+t = 0.000573 meter. TFigure 1 shows the
relation between V¥ and o for the aforementioned conditions. As might be ex~
pected from an inspection of equation (8), the curve 1s fairly flat for small
pitch angles, but V¥ increases rapidly when the pitch angle approaches 45°,
falls off rapidly above 45°, and then slowly approaches zero. In a real situa-
tion where the winding has thickness, it would be expected that considerable
rounding of the sharp peak would occur. In spite of this, however, gains may
sti11l be realized if the pitch angle is very close to 45°. The variation of
with ujcB Ot/C at a pitch angle of 45° is shown in figure 2.

Some care must be used in interpreting such a curve, since there are re-
strictions on the critical-current, magnetic-field relation, as mentioned pre-
viously. If the characteristics of the superconducting material are known, that
is, C and jcB:O’ then the minimum thickness t +that will give a field of 0.8

weber per square meter at the winding can be calculated as done previously. A
simple graphical method for obtaining this result is shown in figure 3 where the
value of C 1is plotted as a function of the dimensionless current parameter

8



ujchOt/C in accordance with the relation

By using the known value of C, the dimensionless current parameter can be deter-
mined and, hence, the value of winding thickness.

EFFECTS OF FINITE WINDING THICKNESS

It is evident from the previous analysis that the largest gains could prob-~
ably be realized by using a pitch angle of 45°. Therefore, the following dis-
cussion will be limited to what might be expected in a real coil with a 45° piteh
angle where the winding thickness is considerably smaller than the coil radius.
For this case, the field immediately inside the current sheet is largely axial
with a small azimuthal component, whereas the reverse is true outside the current
sheet. This really means that the magnetic vector rotates approximately 90°
across the current sheet. In fact, the magnitude of B, inslde the winding is
equal to the magnitude of By outside the winding. Since the magnetic field
penetrates hard superconductors, the total field existing in the winding would be
the root mean square of the axial and the azimuthal fields at any point inside
the winding. Tt would be expected that the axial field would decrease linearly
from B, +to approximately zero between the Inside and the outside of the wind-
ing, whereas the azimuthal field would increase linearly from nearly zero to the
value By 1In going from the inside to the outside of the winding. Using these
relations for the magnetic fields at any polint inside the winding gives a nearly
linear rotation of the total magnetic field vector as a function of position in
the winding such that the magnetic vector would rotate from 45° relative to the

current on the inside surface to -45° relative to the current on the outside sur-
face.

Furthermore, the vector magnitude is a maximum,(BZ = Be) at elther the in-
side or outside surface with the minimum (O.707 BZ) at the center of the winding.
The average magnitude across the winding is then nearly 0.8 By, and by using a

linear rotation of the magnetic field vector as a function of winding thickness
the following expression can be written for 3B, with the geometry factor F = 1.

o n/4

- - - ; 2 .48
BZ = 0.707 M JC dt = 0.707 HJCB:_O P Cto 0.8 BZ'Sin B—[ T o
0 -1t/4



/4
. 1 C tan £+ 0.8 B, - 4/(0.8 B,)Z - 2 /
By 0.707 Ct log

B, =— ] :
Z 7t Ca— 0
A=0 Vo.64 82+ |C tan £+ 0.8 B, + ¥(0.8 B,)% - ¢?

0]

The solution to this expression can be achieved by numerical iteration, and for
the conditions of the example given in figure 1, a value of Bz = 1.4 or a value
of ¥ =1.75 is obtained. The effect of finite thickness is therefore substan-
tial and reduces the value of V¥ from 6.35 to 1.75. Nevertheless, the effect is
still sufficiently large to warrant further experimental investigation.

The validity of the foregoing analysis is dependent on whether the current
distribution in the winding will always be such that the maximum critical current
(dependent on both field magnitude and direction) will be achieved at all points
within the winding. A brief study has been made by a perturbation method to de-
termine what effects might occur at angles slightly different than 45°. This
study showed that B, would be only slightly altered for small changes in pitch

angle from 45°, and hence the curve of figure 1 would be considerably lower and
flatter.

CONCLUDING REMARKS

Hard superconductors that demonstrate considerable anisotropy, that is, that
carry much larger critical currents in parallel magnetic fields than in trans-
verse fields, should be capable of producing greater magnetic fields in helical
solenoidal magnets where the pitch angle is 45°. The analysis shows that for all
pitch angles between 0° and 45° some increase in the axial field may be expected.
This effect should be advantageous for the winding of so-called force free coils.

Tn such coils attempts are made to aline the current and magnetic vectors at
each layer, which reduce the forces and should also Iincrease the current densi-

ties that can be carried.

TLewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, August 19, 1963
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Figure 1. - Variation of dimensionless magnetic field ratio with solenoidal
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when magnetic fileld is alined with currenmt, 1010 amperes per square meter

weber per square meter; winding thickness, 0.000573 meter.
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Dimensionless magnetic field ratio, ¥
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Figure 2. - Variation of dimensionless magnetic field ratio with dimensionless
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Value of anisotropic parameter, C, webers/m2
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Figure 3. ~ Variation of dimensionless current parameter nj. _Ot/C

with anisotropic parameter C, which produces a field of 0.8 weber
per square meter at winding.
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